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Abstract
We consider matrix elements of two-nucleon operators that arise in chiral effective theories of the two-nucleon system. Generically, the short-
distance piece of these operators scales as 1/rn, with r the relative separation of the two nucleons. We show that, when evaluated between the
leading-order wave functions obtained in this effective theory, these two-nucleon operators are independent of the cutoff used to renormalize the
two-body problem for n = 1 and 2. However, for n 3 general arguments about the short-distance behavior of the leading-order deuteron wave
function show that the matrix element will diverge.
© 2006 Elsevier B.V. Open access under CC BY license.1. Introduction
In recent years chiral effective theory (χET) has achieved
significant prominence as a technique via which model-inde-
pendent results can be obtained for few-nucleon systems (see
Refs. [1,2] for reviews). χET is based on the realization that
the interaction between pions and nucleons is governed by the
approximate chiral symmetry of QCD. Therefore the use of
heavy-baryon chiral perturbation theory, together with Wein-
berg’s proposal that in few-nucleon systems the quantity that
has a well-behaved chiral expansion is the nucleon–nucleon po-
tential V [3,4], seems to facilitate a systematic calculation with
which nucleon–nucleon scattering can be well described—as
long as the collision energies are significantly below the chiral-
symmetry breaking scale Λχ [5–7]. In this approach V —and
also by extension two-nucleon-irreducible operators for other
processes—is expanded as a chiral series in the usual heavy-
baryon chiral perturbation theory expansion parameter
(1)P ≡ p,mπ
Λχ,M
,
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Open access under CC BY license.where mπ is the pion mass, p the momenta of the nucleons in-
volved in the scattering, and M the nucleon mass. Although
questions have been raised about the consistency of such a
power counting [8–11] this approach has had considerable suc-
cess in describing the scattering data in the two- and three-
nucleon sector.
The theory has also been shown to be consistent—in the
renormalization sense—in the 3S1–3D1 channel, the channel
where the two-nucleon bound state deuterium occurs [9,11–13].
The leading-order wave function of deuterium, |ψLO〉 can there-
fore be obtained by solving the Schrödinger equation—in either
momentum-space or configuration-space—for two nucleons in-
teracting via the piece of the NN potential which is of chi-
ral order zero. As first realized by Weinberg [3,4] that piece
consists of the venerable one-pion-exchange potential, together
with a (momentum-and-pion-mass-independent) four-nucleon
contact interaction. This potential is singular: the Hamiltonian
it generates is unbounded from below. It therefore requires reg-
ularization and renormalization. In practice, the potential is reg-
ulated at some momentum scale Λ (or in co-ordinate space at a
distance 1/Λ). The strength of the contact interaction is then
adjusted to reproduce some observable, usually the deuteron
binding energy. If this can be done over a wide range of Λ,
and if other NN scattering observables are independent of Λ
up to corrections of higher order in the χET, then we say that
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collaborators showed that this could be done for the 3S1–3D1
channel. This conclusion has since also been reached using a
different regulator and in a regulator-independent fashion in
Refs. [11–13].
With these wave functions in hand it is natural to re-examine
the many successes that phenomenological potential models
have had in describing the deuteron’s interaction with external
probes, such as electrons, pions, or photons. In such a calcula-
tion we use an operator Oˆ that is appropriate to the particular
external probe under consideration, and has been derived us-
ing a chiral expansion in powers of P . That operator is then
sandwiched between a wave function obtained from a chiral
potential (which presumably should be computed to the same
relative order), yielding matrix elements:
(2)M= 〈ψ |Oˆ|ψ〉.
Many such calculations have been performed (see Ref. [14] for
a recent, partial summary), although, with one exception which
we will discuss below, none of them have employed the wave
functions of Refs. [9,11,12]. In these calculations the bound-
state wave function is found by employing some regularization
prescription involving a cutoff Λ. Here we will discuss the
conditions under which the use of such wave functions in the
evaluation of Eq. (2) yields a matrix element that is indepen-
dent of Λ. The extent of the Λ dependence in the result forM
sets an upper bound on the extent of the model independence in
the χET prediction for the matrix element.
Recently, Meißner et al. [15] and Nogga and Hanhart [16]
considered this question for pion–deuteron scattering, a reac-
tion originally discussed within this framework by Weinberg
in 1992 [17]. There a two-nucleon operator representing the
process depicted in Fig. 1(a) gives a large contribution to aπd .
The presence of this large double-scattering term can obscure
attempts to extract the isoscalar pion–nucleon scattering length
from aπd . Pion scattering on the individual nucleons in the deu-
terium nucleus (see Fig. 1(b)) is O(P 2) in the χET, and yields
a piece of the πd scattering length [17,18]:
(3)a(b)πd =
(1 + μ)
(1 + μ/2) (aπn + aπp),
with μ = mπ/M . Meanwhile the double-scattering diagram of
Fig. 1(a) gives [17–19]:
(4)a(a)πd = −
1
4π2(1 + μ/2)
(
mπ
2f 2π
)2〈1
r
〉
,
Fig. 1. Three Feynman diagrams for different contributions to the πd scattering
length in chiral effective theory. The dots are vertices from L(1)
πN
, while the
sliced blob is a vertex from L(2)
πN
.where here, and throughout what follows,
(5)〈f (r)〉≡
∞∫
0
dr f (r)
(
u2(r) + w2(r)),
with u and w the 3S1 and 3D1 radial deuteron wave functions.
The contribution of Eq. (4) to the pion–deuteron scatter-
ing length is suppressed by one power of P relative to the
nominally-leading contribution (3). However, since corrections
to the leading-order NN potential are suppressed by two pow-
ers of P [5], a next-to-leading order computation of aπd in-
volves the evaluation of the matrix element:
(6)
〈
1
r
〉
LO,Λ
,
where the subscript LO indicates that the matrix element
should be taken with deuteron wave functions obtained with
the leading-order χPT NN potential, and the subscript Λ is
included in Eq. (6) because a cutoff must be applied to that
potential before it is renormalized to give the correct deuteron
binding energy. Since there are no short-distance pieces of the
π–d operator Oˆ at next-to-leading order the matrix element
(6) must be cutoff independent over a significant Λ range if
Weinberg’s approach is to be a consistent way to calculate pion–
deuteron scattering.
Nogga and Hanhart gave numerical evidence that the ma-
trix element (6) has a Λ → ∞ limit that exists and is finite.
(This is in accord with a similar conclusion previously obtained
in Ref. [12], where 〈1/r〉 was evaluated using wave functions
derived solely from one-pion exchange. The details of the eval-
uation of Ref. [12] will be explained further below.) This shows,
Nogga and Hanhart claim, that expanding Oˆ in powers of P
is a consistent way to calculate the pion–deuteron scattering
length. Consequently, at least in principle, it should be possi-
ble to perform a high-accuracy, model-independent extraction
of the pion–neutron scattering length from pion–deuteron scat-
tering data.
But other two-nucleon operators that occur in πd scattering
computations have higher powers of r in the denominator in
their co-ordinate space form. For instance, the next term in the
πN multiple-scattering series, depicted in Fig. 1(c), yields a
contribution to aπd [20]:
(7)a(c)πd =
1
16π3(1 + μ/2)
(
mπ
2f 2π
)3〈 1
r2
〉
.
This contribution is of order P 5, and so is N3LO in the chiral
expansion for aπd , but numerically it is the next two-nucleon
effect that must be considered after the inclusion of the matrix
element (6) [20]. To assess the effect of the contribution (7) on
aπd we take the values for 〈1/r〉 and 〈1/r2〉 of Ref. [20] and
find that a(c)πd is about 10% of a
(a)
πd . On the other hand use of the
central values extracted for the isoscalar πN scattering length
in the same paper yields an a(b)πd that is roughly 30% of a
(a)
πd .
The failure of the standard chiral expansion to correctly pre-
dict the size of multiple-scattering effects like those shown in
Fig. 1(a) and (c) is related to the absence of any exponential
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tances. It led the authors of Ref. [20] to propose a different
power counting for the πd scattering length. This modified
counting is in accord with the numbers presented in the previ-
ous paragraph, and indicates that significant uncertainty in the
expectation value in (7) will translate into a notable theoretical
contribution to the overall error when the isoscalar πN scatter-
ing length is extracted from deuterium pionic atom data. There-
fore in what follows we will go beyond the work of Ref. [16]
and also examine the cutoff dependence of
(8)
〈
1
r2
〉
LO,Λ
.
More generally, all two-nucleon operators in the chiral effec-
tive theory will scale as 1/rn at distances  1/mπ and  1/q
(with q the magnitude of any momentum or energy transferred
to the nucleus by the probe). The value of n is determined
by the process under consideration and the order to which the
two-body operator is calculated, with higher values of n being
reached as higher orders are computed in the chiral expansion
for Oˆ . In a perturbative calculation of deuteron matrix elements
within χET the highest-order (and most singular) pieces of the
operator will contribute to the overall result forM through their
expectation value taken with the leading-order wave function.
Thus, we are led to a very general question: if one considers the
expression
(9)
〈
1
rn
〉
LO,Λ
,
then for which values of n does the Λ → ∞ limit exist, and for
which is it finite? It is this question, together with associated
ones involving operators that connect the S- and D-wave com-
ponents of the deuteron wave function, that we will answer in
this Letter.
2. Theory
Nogga and Hanhart solved the Schrödinger equation in
its momentum-space form, i.e. the homogeneous Lippmann–
Schwinger equation:
(10)〈p|ψLO〉Λ = G0(p)
Λ∫
0
d3p′
(2π)3
V (0)(p,p′)〈p′|ψLO〉Λ,
where Λ is the scale at which the potential V is regulated,
and G0(p) = (−Bd − p2/M)−1 is the (free, center-of-mass
frame) two-nucleon propagator, with Bd and M denoting the
deuteron binding energy and nucleon mass, respectively. The
leading-order potential is given by a one-pion exchange (OPE)
contribution and a short-distance piece:
(11)V (0)(q) = −
(
gA
2fπ
)2
τ1 · τ2 (σ1 · q)(σ2 · q)q2 + m2π
+ 1
4π
CtPt ,
with q ≡ p′ − p the three-momentum of the exchanged pion.
In Eq. (11) Pt is a projection operator that projects onto the3S1 channel, and Ct the strength of the short-distance poten-
tial in that channel. While the OPE contribution is totally de-
termined at leading order through the pion mass mπ , the ax-
ial coupling constant gA = 1.26, and the pion-decay constant
fπ = 92.4 MeV, the contact interaction parameter Ct has to be
determined from NN data and will be a function of the cut-
off Λ.
From Eqs. (10) and (11) it is straightforward to obtain the
coupled one-dimensional differential equations which describe
the deuteron wave function:
−u′′(r) + Us(r)u(r) + Usd(r)w(r) = −γ 2u(r),
(12)−w′′(r) + Usd(r)u(r) +
[
Ud(r) + 6
r2
]
w(r) = −γ 2w(r),
where u and w are, as defined above, the deuteron radial wave
functions. The coupled-channel potential is given by
(13)Us = Uc, Usd = 2
√
2UT , Ud = UC − 2UT ,
with
UC = −m
2
πMg
2
A
16πf 2π
e−mπr
r
,
(14)UT = −m
2
πMg
2
A
16πf 2π
e−mπr
r
(
1 + 3
mπr
+ 3
(mπr)2
)
.
Eqs. (12)–(14) will be equivalent to Eqs. (10) and (11) pro-
vided that r > 1/Λ. Eqs. (12) are solved subject to the following
boundary conditions as r → ∞:
u(r) → ASe−γ r ,
(15)w(r) → ηAS e−γ r
(
1 + 3
γ r
+ 3
(γ r)2
)
,
with γ = √MBd the deuteron wave number, AS the normal-
ization constant which guarantees that
(16)
∞∫
0
dr
(
u2(r) + w2(r))= 1,
and η the asymptotic D/S ratio.
By employing Eqs. (12)–(14), and solving them for arbitrar-
ily short distances r , Pavon Valderrama and Ruiz Arriola have
calculated u and w using boundary conditions at inter-nucleon
distances of order 0.1–0.2 fm [12]. This echoes the much earlier
work of Sprung and collaborators [21], as well as the solution
of the leading-order potential with a square-well regulating the
short-distance behavior [9]. Within such an approach, an analy-
sis of the asymptotic short-distance behavior of the components
u and w gives the following result [9,12,21]:
usd(r) = AS 1√
3
(
r
R
)3/4[
−C2Re−4
√
2
√
R/r
+ 23/2|C2A| cos
(
4
√
R
r
+ φ
)]
,
wsd(r) = AS 1√
3
(
r
R
)3/4[√
2C2Re−4
√
2
√
R/r
(17)+ 2|C2A| cos
(
4
√
R + φ
)]
.
r
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determined in [12], R is a new length scale that enters the
non-perturbative problem. It is defined by R = 3g2AM32πf 2π . When
Eqs. (12)–(14) are solved in Ref. [12] the phase φ is determined
by the boundary condition at r = 0, and so φ is regulator inde-
pendent, and is a function only of the scales mπ , γ , and R. After
computing the numerical solution of Eqs. (12) to a sufficiently
small radius r , it can be matched to the r → 0 form of the
deuteron wave function (17) and an—in principle—regulator-
independent wave function can be obtained.1
3. Results
Let us now return to the problem of computing
(18)
〈
1
rn
〉
LO,Λ
.
First, we split the integral up as:
〈
1
rn
〉
Λ
=
1/Λ∫
0
dr
u2(r) + w2(r)
rn
+
R∗∫
1/Λ
dr
u2(r) + w2(r)
rn
(19)+
∞∫
R∗
u2(r) + w2(r)
rn
,
where R∗ is sufficiently small that the asymptotic forms (17)
apply, but is still  1/Λ. The piece of the integral from R∗ to
∞ can be calculated within χET and will depend only on low-
energy scales such as γ and mπ , and, of course, on R∗ itself.
Meanwhile, as Λ → ∞ the first integral goes to zero, as long as
the integrand is integrable. Note that any regulator dependence
of the wave functions should be contained in that first piece
of our integral, since we have already explained that the wave
functions for r > 1/Λ are regulator-independent solutions of
Eqs. (12)–(14). Therefore, in order to establish whether or not
〈1/rn〉Λ is regulator-independent the pertinent piece of Eq. (19)
is
(20)
〈
1
rn
〉
sd
≡
R∗∫
1/Λ
dr
u2(r) + w2(r)
rn
.
If this has a Λ → ∞ limit that is finite then the entire matrix
element 〈1/rn〉Λ will also be well behaved in that limit. Inside
the integral Eq. (9) we may substitute the expressions Eq. (17)
for u and w. We then see that short-distance integrals involving
the exponential piece of the wave function will always converge
for any n, as the exponential itself regularizes the result. On the
other hand, the term including the cosine function does not van-
ish at the origin and therefore we have to determine the values
1 Although the final wave function is in principle regulator independent, the
boundary conditions employed in the numerical computation of the long-range
components can lead to cutoff effects at short distances and this leads to a small
numerical uncertainty of the constants C2A, C2R quoted in [12]. The errors we
quote below on the various matrix elements we compute arise from this effect.
However, these uncertainties can, if necessary, be made arbitrarily small.of n for which the integral
(21)
R∗∫
1/Λ
dr r3/2−n cos2
(
4
√
R
r
+ φ
)
gives a finite result as Λ → ∞.
This question is easily answered by simple-dimensional
analysis. For n = 3 or higher the integral in Eq. (21) will di-
verge. However, for n = 1,2 if we ignore the exponential pieces
of u and w we can solve the integrals analytically and obtain〈
1
rn
〉
sd
= 4A
2
S |C2A|2
R3/2
[
1
5 − 2n
{
R
5/2−n∗ − 1
Λ5/2−n
}
(22)
+ 85−2nR5/2−n
{
fn
(
8
√
RΛ
)− fn
(
8
√
R
R∗
)}]
,
where:
(23)fn(x) ≡
x∫
a
dt t2n−6 cos(t + 2φ).
The function fn can be written as a linear combination of in-
complete gamma functions. Its asymptotic expansion is:
(24)fn(x) → αn + hn(a) + x2n−6 sin(x + 2φ) + O
(
x2n−7
)
,
as x → ∞ (n = 1,2), with:
(25)α1 = π12 cos(2φ); α2 = −
π
2
cos(2φ).
The function hn(a) can easily be evaluated, but its value is not
relevant for our purposes here, since it cancels in Eq. (22).
Therefore for n = 1 and 2 the matrix element has a finite
Λ → ∞ limit. However, that limit is approached in the pres-
ence of cutoff-dependent oscillations whose amplitude scales
as (RΛ)n−3. Another cycle in this oscillation occurs whenever
1/Λ becomes small enough that we integrate over another node
in the deuteron wave function. The presence of oscillations is
thus associated with the appearance of spurious bound states
in the effective theory—bound states whose binding energies
are greater than the theory’s breakdown scale. However, for
the n = 1 and n = 2 matrix elements, the oscillations vanish
as Λ → ∞, so even though such bound states are present, the
procedure of evaluating the matrix element with a wave func-
tion at a given Λ should yield the correct (i.e. Λ → ∞) answer,
as long as a sufficiently high cutoff is chosen.
Now adding the Λ → ∞ piece of these matrix elements to
the piece that comes from integration between R∗ and infinity,
we find:
(26)
〈
1
r
〉
LO
= 0.478(1) fm−1,
(27)
〈
1
r2
〉
LO
= 0.425(1) fm−2,
where the first result is in agreement with the number given
in Ref. [12]. As pointed out there, it is essentially consistent
with the range 0.450–0.465 obtained for 〈1/r〉 using a variety of
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deuteron wave functions employed in [16]. The cross is the result found us-
ing the wave function of Ref. [12], as given in Eq. (26).
Fig. 3. Cutoff-dependence of 〈 1
r2
〉Λ, using the radial deuteron wave functions
employed in [16]. The cross is the result found using the wave function of
Ref. [12], as given in Eq. (27).
potential-model wave functions in Ref. [20]. The result (27) is
new, and does not fall within the range 0.286–0.345 fm2 quoted
in Ref. [20]. It takes longer to reach asymptopia for this matrix
element.
In order to check the results of Eqs. (26) and (27) we have
computed the expectation value 〈ψLO| 1rn |ψLO〉 for n = 1 and 2.
We used the same wave functions as were used in [16] with
cutoff values between 2 and 20 fm−1. As Fig. 2 shows, we find
similar behavior for 〈1/r〉 as was displayed in that Letter, and
a limiting value that is consistent with that found by Nogga and
Hanhart [22]. But, we can now interpret the Λ-dependent oscil-
lations seen in Fig. 2 as exactly the ones predicted by Eq. (22).
Meanwhile, Fig. 3 shows that, as expected based on our analysis
of Eq. (22), these oscillations are more pronounced for 〈1/r2〉,
since that matrix element is more sensitive to the short-distance
piece of the wave function. In consequence a much higher
cutoff is needed to achieve a converged result. However, the
numerical results for 〈1/r2〉LO,Λ indicate that a finite limiting
value exists, which is in accord with our previously presented
analytic arguments.
Since Eq. (17) identifies the relevant behavior of the r → 0
piece of the deuteron wave function, we are able to predict that
all powers n  3 will lead to divergent results. This result isFig. 4. Cutoff-dependence of the integral
∫
dr uΛ(r)wΛ(r)/r , where uΛ (wΛ)
is the 3S1 (3D1) radial deuteron wave function found for cutoff Λ in Ref. [16].
The cross indicates the result of evaluation with the wave functions of Ref. [12],
Eq. (30).
supported by numerical calculations of the corresponding ma-
trix elements with the wave functions used in [16].
We also find that, to a very good approximation, the result
for
(28)lim
Λ→∞
〈
1
rn
〉
LO,Λ
agrees (for n = 1 and 2) with the numerical results obtained
with the co-ordinate space wave function of Ref. [12] that we
presented in Eqs. (26) and (27). This is an important result,
because, together with the even better agreement for matrix el-
ements of positive powers of r (see Table 1 of Refs. [12,16])
it suggests that the procedure of constructing a limiting se-
quence of cutoff-dependent wave functions and evaluating the
matrix element as a function of Λ is not actually necessary.
Instead such matrix elements can be computed using the co-
ordinate space results for the deuteron wave function given in
Refs. [9,12,21].
Next we consider integrals of the form:
(29)
∫
dr
u(r)w(r)
rn
.
For n = 1 this integral occurs in other, numerically less impor-
tant, corrections to the πd scattering length. For n = 2 contri-
butions of the form (29) occur in the evaluation of sub-leading
pieces of two-nucleon effects in the process γ d → π0d [23].
Since u and w both display the same short-distance behavior,
we arrive at the same conclusion as for the matrix elements con-
sidered above: for n = 1 and n = 2 the result is convergent (in
spite of oscillations), see Figs. 4 and 5, while for n 3 it is di-
vergent. For n = 1 and 2 evaluation with the wave functions of
Ref. [12] gives:
(30)
∞∫
0
dr
u(r)w(r)
r
= 0.141(1) fm−1,
(31)
∞∫
0
dr
u(r)w(r)
r2
= 0.156(1) fm−2.
L. Platter, D.R. Phillips / Physics Letters B 641 (2006) 164–170 169Fig. 5. As for Fig. 4, but for
∫
dr uΛ(r)wΛ(r)/r2. In this instance the cross is
the result of Eq. (31).
Both of these numbers are consistent with the trend of the re-
sults for finite Λ, as shown in Figs. 4, 5. However, the second
result will not be attained until Λ  20 fm−1, since approxi-
mately 20% of the final number accrues in the region between
r = 0 and r = 0.1 fm.
4. Conclusion
In this Letter we have shown explicitly that deuteron ma-
trix elements of two-nucleon operators which are proportional
to 1/rn at short distances converge for n  2 and diverge for
n 3 when they are evaluated using the leading-order deuteron
wave function. We have given numerical evidence by explicit
calculations using a sequence of leading-order deuteron wave
functions corresponding to different ultraviolet cutoffs, and the
results obtained in this way agree with an analysis based on the
short-distance behavior of the deuteron wave function.
As higher orders are calculated in the chiral series for the
operator Oˆ the divergent case n = 3 will be reached (e.g.
γ d → π0d at O(P 4) in χPT [23]). Suppose this occurs at
some chiral order m. If both the wave function |ψ〉 and the op-
erator Oˆ are written as a chiral series, then this implies that
an mth-order piece of the matrix element (2), specifically the
piece 〈ψLO|Oˆ(m)|ψLO〉, is divergent. This apparently mandates
the presence of a contact interaction involving both nucleons
and the external probe in Oˆ(m), so that this divergence can
be absorbed. However, in explicit calculations of a particu-
lar process to order m in the chiral expansion this divergence
may cancel with contributions to (2) due to corrections to the
leading-order wave function. Such corrections will come from
higher-order pieces in the chiral expansion of the NN poten-
tial, and will generate contributions to (2), e.g., of the type
δ〈ψ(m)|OˆLO|ψLO〉. Therefore, the appearance of a matrix el-
ement of an operator 1/rn with n  3 at order m does not
immediately indicate that a counterterm is needed at that or-
der. However, if a counterterm is not permitted at that order
by chiral symmetry and/or electromagnetic gauge invariance,
then the various divergences at order m must cancel each other.
This represents a constraint on the sum of all mechanisms that
contribute to (2) at that order. (For an example of such a cancel-
lation in the context of pion production, see Refs. [24,25].)Lastly, we note that if an NN potential that is more singu-
lar than one-pion exchange is iterated to all orders using the
Schrödinger equation, as is done in Refs. [5–7], then the behav-
ior of the wave functions u and w will not follow the form (17).
Indeed, the more singular the potential, the more convergent u
and w will become [26]. Our conclusion regarding divergent
matrix elements is therefore limited to an approach to higher-
order calculations in the chiral effective theory where all cor-
rections to the leading-order |ψ〉 are evaluated in perturbation
theory, and so the form (17) still represents the dominant short-
distance behavior of u and w.
We also note that when contributions to the NN potential
of higher chiral order are iterated to all orders the expectation
values quoted in Eqs. (26) and (27) can change significantly.
After this Letter was submitted for publication Pavon Valder-
rama and Ruiz Arriola examined the expectation values 〈1/rn〉,
n = 1,2,3 using deuteron wave functions calculated from a
potential that includes the leading and sub-leading two-pion ex-
change pieces of the chiral NN potential. They found [27]:
(32)
〈
1
r
〉
TPE
= 0.447(5) fm−1,
(33)
〈
1
r2
〉
TPE
= 0.248(3)–0.284(8) fm−2,
where the range indicated by the dash is generated by adopting
different values for the πN LECs c1–c4. This result for 〈1/r〉
is about 15% lower than the value (26). More dramatically, the
non-perturbative inclusion of two-pion-exchange corrections in
the deuteron wave function suppresses the result for 〈1/r2〉 by
almost 50%. The result (33) then overlaps that of Ref. [20].
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